The pyrochlore spin ice compounds Dy 2 Ti 2 O 7 and Ho 2 Ti 2 O 7 are well described by classical Ising models down to very low temperatures. Given the empirical success of this description, the question of the importance of quantum effects in these materials has been mostly ignored. We show that the common wisdom that the strictly Ising moments of Dy 3+ and Ho
Introduction: Spin ice has proven to be one of the more fruitful marriages of theoretical and experimental condensed matter physics [1] [2] [3] [4] [5] . This cooperative paramagnetic [6] phase is a magnetic analogue of common water ice [1, 2] , with proton displacements mapped to magnetic moments pointing in or out of the corner-shared tetrahedra of the pyrochlore lattice [7] . Spin ice displays an exponential number of lowenergy states, and thus an associated extensive residual entropy [8, 9] . This manifold is characterized by the ice rules specifying that on each tetrahedron two spins must point in, and two must point out. Generically referred to as a "Coulomb phase" [10, 11] , the spin ice state harbors a rich phenomenology such as bow-tie shaped singularities (pinch points) in the magnetic structure factor [11, 12] and gapped low-energy excitations which provide a condensed matter realization of "magnetic monopoles" [4, 10] .
The two textbook materials that realize this spin ice physics are the pyrochlore rare-earth titanates [3] Ho 2 Ti 2 O 7 [7] and Dy 2 Ti 2 O 7 [8] . Significant evidence has accumulated that their magnetic and thermodynamic properties [10, [13] [14] [15] can be quantitatively described by a classical model that includes nearest-neighbor exchange and long-range magnetostatic dipole-dipole interactions, both of purely Ising type. Amendments incorporating Ising interactions beyond nearestneighbors have been proposed to account for various fine details in the thermodynamic and magnetic behavior of Dy 2 Ti 2 O 7 [14, 16, 17] . The combination of Ising exchanges and long-range dipolar interactions is expected to lift the degeneracy of the ice manifold and release the residual entropy at very low temperatures [18] [19] [20] [21] . Experimentally, such a transition has yet to be observed [22] , with further significant deviations [23] from predictions raising questions to the completeness of the classical dipolar Ising spin-ice model [16] . In particular, one could speculate that the observed rise of the magnetic specific heat below ∼ 500 mK [23] is an indication that quantum effects are becoming important [24, 25] .
This classical Ising description [13, 15, 26] of the interactions has framed the theoretical and experimental perspectives [1] [2] [3] [4] [5] on these materials dating back to their initial discovery [7, 8] . Beyond its empirical successes, this mind-set [13] [14] [15] [16] [17] [18] [19] [20] [21] 26 ] is rooted in the single-ion magnetic properties of Dy 3+ [22, [27] [28] [29] and Ho 3+ [26, [30] [31] [32] , specifically in the Ising nature of the crystal electric field (CEF) ground doublet. A consequence of this strict Ising anisotropy is that the transverse components of the total angular momentum, J ± , vanish between states of the CEF doublet. This is sufficient to explain the Ising form of any bilinear, anisotropic exchange interactions ∼ J µ i K µν i j J ν j , including the long-range dipolar interactions [2] . The theoretical basis of the classical Ising description of spin ices then appears to rest on the implicit assumption that interactions between the rare-earth ions takes such a bilinear form. This common assumption is in fact incorrect; due the large spin-orbit coupling in rare-earth ions, strong multipolar interactions between the J µ i momenta are generated when the microscopic super-exchange is downfolded into the free-ion 2S+1 L J manifold [33] . Indeed, this argument has been invoked [34] to show that quadrupolar interactions may not be negligible in Pr-based pyrochlore oxides with strictly Ising moments, such as Pr 2 Sn 2 O 7 [35] and Pr 2 Zr 2 O 7 [36] . Further compounding the problem is the possibility that even moderate transverse couplings could preempt the ordering expected from the dipolar interactions. The existence of other spin ice compounds, such as Ho 2 Sn 2 O 7 [28, 37] In this letter, we explain why quantum effects in Dy-and Ho-based spin ice materials are small, providing approximate upper bounds on their size. First, we outline possible sources of exchange interactions and show that only magnetic dipole-dipole (MDD) and super-exchange between the rareearth ions are potentially non-negligible at experimentally relevant temperatures. As the MDD interaction is purely Ising when projected into the ground CEF doublet, we focus on super-exchange. Using a microscopic model of the oxygen charge transfer processes, we find that the resulting multipolar arXiv:1503.04808v1 [cond-mat.str-el] 16 Mar 2015 inter-ionic couplings arising from super-exchange are strongly suppressed beyond rank seven [40] . Because of the composition of the ground doublet, operators of rank seven or less can only connect its sub-leading spectral components and are thus highly suppressed. From experimental constraints on the size of these sub-leading components, we formulate estimates of the magnitude of the transverse (non-Ising) couplings in the low-energy theory, estimating them to be roughly two orders of magnitude smaller than the nearest-neighbor Ising coupling. To make this more concrete, we carry out a model calculation of the super-exchange interaction in Dy 2 . For a realistic CEF potential [30, 42] , the ground state is a doublet with a gap of ∼ 30 meV to the first excited level. This doublet transforms in the Γ 5 ⊕ Γ 6 representation of the site symmetry group D 3d and has Ising-like character [43] , as shown below. One writes the doublet states as 0.025/n given ±0.1 µ B error bars.
Since the CEF energy scale is large, it is sufficient to first consider only a bare projection of the microscopic Dy 
The symmetry of the pyrochlore lattice constrains the form of any such projected Hamiltonian. (5) Since the J µν are not bond dependent, the J xz coupling can be removed by a global rotation of the pseudo-spin operators about theŷ axis [43] , yielding
We will find below that the net J zz , including both the contribution from microscopic inter-ionic super-exchange and the nearest-neighbor MDD contribution, is the dominant coupling and that it is positive, as originally found empirically in Ref. [13] . At leading order, the rotated couplings are
This rotation affects the relationship between the components of the dipole moment and those of the pseudo-spin 1/2 at O(J xz /J zz ). We characterize deviations from the Ising limit using the nearest-neighbor transverse scale J ± ≡ (J x +J y )/4 [43] . Our goal is to estimate the size of J ± and thus the strength of the quantum effects within the low-energy pseudo-spin 1/2 model. Interactions in rare-earth pyrochlores: To understand how the microscopic inter-ionic coupling mechanisms generate J ± , we need to consider higher energy physics and a description beyond the lowest CEF doublet. At the atomic level, there is a hierarchy of energy scales for the rare-earth ions: the Coulomb interaction being largest, followed by spin-orbit coupling and the CEF potential. [33] . Interactions at this level will typically be on the order of ∼ 1 K, as inferred from the Curie-Weiss scale [7, 8] . Since the CEF energy scale is of order 300 K [30] , it is sufficient to consider only the projection into the ground doublet. Perturbative corrections are then expected at second order [45] with scale of ∼ (1 K) 2 /300 K ∼ 3 mK − 5 mK and thus can be neglected. There are several sources of interactions between rare-earth ions: electro-and magnetostatic interactions, super-exchange, direct exchange, lattice-mediated exchange, etc. Of these the MDD and super-exchange interactions are found to be the most significant [41] .
The long-range MDD interaction features prominently in classical spin ices [13] [14] [15] 26] . When projected into the ground doublet, it takes the form
where r nn is the nearest-neighbor distance between the rareearth atoms, r i j ≡ r i − r j is the displacement vector between the two sites andẑ i is the quantization axis along the local cubic [111] direction at site r i . The strength of the coupling is characterized by
The largest piece is the nearest-neighbor contribution [16] , with coefficient D ≡ 5D/3 which is ∼ 8.9 K in Dy 2 Ti 2 O 7 [46] . To obtain a quantitative agreement with experiments, corrections to the Ising couplings must be included. The nearest-neighbour correction J is the largest, estimated to be ∼ 4.96 K in Dy 2 Ti 2 O 7 [13] , later refined to ∼ 4.55 K [16] . This coupling has usually been attributed to super-exchange processes between the rare-earth ions and provides an indication of their overall scale [47] . We are thus confronted with the question: with such a large scale, why does super-exchange not generate significant transverse couplings J ± ?
Oxygen-mediated super-exchange: To answer this question, we consider super-exchange interactions proceeding through the oxygen atoms that surround each rare-earth ion. To simplify our notation, we single out one exchange path consisting of two rare-earths and one oxygen. For the rareearth sites, we define the creation operators f † 1α and f † 2α while for the intermediate oxygen site we use p † α . A combined spinorbital index α ≡ (m, σ) where m and σ label the orbital and spin quantum numbers is used throughout. Due to the localized nature of the rare-earth ions, we start with the atomic Hamiltonian at each site
where H f,1 and H f,2 are the atomic Hamiltonian for the two rare-earth ions and H p for the oxygen site. On the oxygen site, we consider only the atomic potential ∆ p f and the cost to place two holes together on the same oxygen, U p . We will not invoke the details of the rare-earth atomic Hamiltonian, aside from selecting the 6 H 15/2 manifold of the 4 f 9 configuration. We perturb H 0 with the hybridization terms
that represent electron hopping between the orbitals of the rare-earth and oxygen ions. Super-exchange interactions are generated at fourth-order in perturbation theory in V [34] . For the details of the charge-transfer processes, see the Supplemental Material [41] . To simplify the resolvents that appear in the perturbative expansion [41, 48] , we follow Ref. [34] and make the common approximation that only the charging energies E( f
This neglects all other intraatomic splittings on the rare-earth sites, such as those due to Hund's coupling or spin-orbit coupling. The energies U ± f are expected to be of order 5 − 10 eV in 4 f compounds [49] . Within this approximation, the effective Hamiltonian can be written [34] 
where P i projects into the ground state manifold of H f,i at site i. The interaction matrix I is defined as [41] I αβµν 12
Here we dropped constants and single site terms that serve only to renormalize the on-site single-ion Hamiltonian. Generically, the interactions I are complicated due to the f . This can be seen explicitly by considering how these operators transform under rotations. Since each f electron carries a total angular momentum of J = 5/2 or J = 7/2, the operators f † α f β are multipoles with rank ranging from rank-0 (5/2 − 5/2 or 7/2 − 7/2) up to rank-7 (7/2 + 7/2). Hence, we find that only multipolar interactions up to rank-7 are generated by superexchange. Because of the spherical symmetry of the free ions; the complicated intra-atomic interactions are rank-0 operators and thus do not change the rank counting above [41] .
Including the CEF splittings in the resolvents only changes this result slightly. Given the small overall splitting ∆ 100 meV induced by the CEF [30, 42] , we can treat this as a perturbation to H 0 along with V. Since the CEF potential is a one-electron operator and is time-reversal invariant, it contains only operators up to rank-6 for the same reasons as discussed above [50] . Each inclusion of the CEF operator can thus increase the rank by 6, with up to rank-13 operators at order ∼ ∆/U ± f , and operators up to the maximal rank-15 at order ∼ (∆/U ± f ) 2 . The rank-15 operators that directly link the leading |±15/2 components are thus strongly suppressed by a factor of (∆/U . We can thus ignore these small corrections and can consider only interactions of rank-7 or lower.
General argument: Returning to a more general physical picture, the above results allow us to explain why quantum effects are small in the classical spin ices Dy 2 [30] , a large transverse scale J ± must originate from very high-rank multipole interactions. These multipole interactions are only generated weakly from superexchange contributions, as they are much higher than rank-7. Due to this suppression, the leading contributions to the transverse couplings must come from the sub-dominant spectral components of the CEF ground doublet, the δ n components given in Eq. (1) for Dy 2 Ti 2 O 7 . When these are included, generation of J ± by super-exchange becomes feasible. As a rough estimate, if J is the typical scale of contributions from superexchange then we expect
where δ represents the maximum size of the sub-dominant components of the CEF doublet. Each transverse pseudo-spin operator S ± contributes one factor of δ/α to the scale J ± [51] . Since we can constrain δ/α 0.1 via the size of the magnetic moment, then one expects, all things being equal, the transverse scale J ± to be suppressed by two orders of magnitude relative to the super-exchange contributions to the Ising coupling J z . Since we know J ∼ 5 K in Dy 2 Ti 2 O 7 [13, 16] and J ∼ 2 K in Ho 2 Ti 2 O 7 [15] , this implies J ± 50 mK. This is the main conclusion of our work.
Estimate from model calculation: The simple scaling argument above does not include combinatoric factors or other unforeseen quirks or cancellations that could favor or disfavor the generation of transverse J ± couplings. To check that such anomalies do not occur, we carry out an explicit calculation to verify this scaling estimate. We work within the charging approximation as encapsulated in Eq. (12), considering only a single super-exchange path.
The shortest path between the rare-earth ions and oxygen passes through the O site situated in the center of each tetrahedron. Within the Slater-Koster approximation [52] , the hopping matrices t 1 , t 2 can be expressed as t i = R † i t 0 where R i is a rotation of the f and p orbitals that takes a set of axes aligned to the i local axes into the global frame. The matrices t 0 define overlaps in the frame aligned along the bond axis and take the simple form [t 0 ] mm = δ mm (δ |m|=1 t p f π + δ m=0 t p f σ ). We note that t p f π is smaller in magnitude than t p f σ and of opposite sign [53] , though their precise values will not be important to our discussion. Since t 0 is diagonal and R i is unitary, the products that appear in Eq. (12) are
as in Ref. [34] . Consideration of further super-exchange paths between the other oxygen atoms would change the form of t i , but not the overall structure of the interactions.
To evaluate the super-exchange interactions, we proceed as follows: we first construct the CEF ground doublet states of Eq. (1) from the full f 9 manifold. Next, we project the oneelectron operators f † α f β into this basis. Finally we sum these one-electron operators with the interaction constants of Eq.
(12) evaluated using the t i given above for single bond of the lattice. The remaining bonds can be recovered using the lattice symmetry. This gives a model of the form shown in Eq. (5). At leading order in the δ n coefficients, one has
,
where all of the δ n have been considered at the same order in the expansion [54] . The super-exchange energy scale J is
From Eqs. (15) and (16), we see that our naïve scaling argument of
J does in fact hold in this more detailed calculation. We also note that the sign of the super-exchange contribution to J zz is negative, as required for Dy 2 Ti 2 O 7 [13, 16] .
Only the super-exchange contribution to J zz has been computed here; when rotating to eliminate the J xz coupling, we must also include the large contribution D to J zz coming from the nearest-neighbor part of the MDD interactions. We thus shift J zz → J zz + D where D is given in Eq. (8) . Using the approximate rotations of Eq. (7), we find J y ∼ 0 and
From the constraint on the moment size, we find δ 2 5 /α 2 ≤ 0.005 so then J ± 56 mK. At the temperature scale of interest, monopole excitations [10] are suppressed and quantum effects can proceed only through quantum tunnelling within the spin ice manifold [55] . The strength of tunnelling g appears perturbatively at third-order in the transverse coupling as g ∼ 12J 3 ± /J 2 z [43, 55, 56] . Using the above estimate, these quantum effects would only become relevant for temperatures 0.14 mK in Dy 2 Ti 2 O 7 . In fact, this estimate could be reduced significantly depending on how close the sub-leading spectral components of |± are to their maximal values allowed by the moment size. For example, using the CEF parameters of Bertin et al. [42] , one has δ 5 ∼ 10 −3 which is much smaller than the bound implied by δ 2 n 0.025/n from the moment, giving a significantly smaller transverse coupling J ± . Following the same methods, the estimate for tunnelling in Ho 2 Ti 2 O 7 is also 0.1 mK [41] .
Outlook: We have presented a general argument as to why transverse exchanges in the canonical spin ices are small. In particular, we have shown that the generation of the required high rank multipolar couplings needed to link the nearly maximal |±J states of the CEF doublets are strongly suppressed. Using an approximate treatment of the oxygen mediated super-exchange interaction, we have provided some heuristic bounds on this size of these couplings. The presence of all these factors can provide an explanation of spin ice behavior in the related germanates Ho 2 Ge 2 O 7 [32, 39] and Dy 2 Ge 2 O 7 [29, 39] [28, 38] . These criteria also suggest what features to look for to move away from the classical spin ice limit [5] . For example, compounds with Kramers ions and large Isinglike moments, but significant sub-leading components in their ground state CEF doublet could present quantum behavior at more experimentally relevant temperature scales [5] . In this context, the spinel CdEr 2 Se 4 [57] Note added: After completion of this work, a preprint appeared, Ref. [58] , that reaches some similar conclusions on the interactions between 2S+1 L J multiplets in rare-earth ions.
TRANSVERSE INTERACTIONS IN HOLMIUM TITANATE

Ground state doublet
In the case of Ho site symmetry group and can be written
( 1) where |M ≡ |8, M are eigenstates of the J 
where σ = ± and the λ-factor is
Including the Ho
3+
Landé factor, g = 5/4, the magnetic moment µ = gµ B λ is found to be very close to the maximal 10µ B experimentally [1, 3, 4] . This constrains the spectral content of the |± states in Eq. (1) to be predominantly |±8 . We can also appeal to more detailed information on the CEF structure. Fits to the CEF levels obtained via neutron scattering have yielded estimates of the sub-leading components δ n . For example, work by Bertin et al. [5] gives
Rather than rely on these parameters, we shall consider the bound implied by a deviation of the moment from maximal by some amount . 
acting within the low-energy Hilbert space spanned by the |± doublets. The symmetry of pyrochlore lattice constrains the form of any such projected Hamiltonian. For a non-Kramers doublet, a nearest-neighbor model can be shown to be restricted to the form [7, 8] i j
where the bond dependent phases γ i j are defined in Ref. [8] . Once dipolar interaction are included, we will find that J zz is the dominant bare coupling and that it is positive. We will characterize deviations from the Ising limit using the nearest-neighbor transverse scale J ± , as quantum effects from J ±± appear at higher order in peturbation theory [8, 9] . Our goal is to estimate the size of J ± which is responsible for the quantum dynamics within the low-energy pseudo-spin 1/2 model.
Ising interactions
As in Dy 2 Ti 2 O 7 , the long-range dipole-dipole interactions play an important role, In Ho 2 Ti 2 O 7 these take the same form
where r nn is the nearest-neighbor distance between the rare-earth atoms, r i j ≡ r i − r j is the displacement vector between the two sites andẑ i is the quantization axis along the local cubic [111] direction at site r i . The strength of the coupling is characterized by
The largest piece is the nearest-neighbor contribution, with coefficient D ≡ 5D/3 which is ∼ 9.4 K in Ho 2 Ti 2 O 7 [10] , slightly larger than in Dy 2 Ti 2 O 7 . As in Dy 2 Ti 2 O 7 , to obtain a quantitative agreement with experiments, corrections to the Ising couplings must be included. The nearest-neighbor correction J is the largest, estimated to be ∼ 2.08 K [11] for Ho 2 Ti 2 O 7 .
Model calculation
We follow the same procedure as in the main text for Dy 2 . Aside from the construction of these states, the methods are identical. We find
where all of the δ n have been considered at the same order in the expansion. The super-exchange energy scale J is given by
The ρ ± and ρ ±± are rational functions of the ratio x ≡ t p f π /t p f σ defined as
Reasonable values of the Slater-Koster ratio satisfy −1 < t p f π /t p f σ < 0. For this range, we can bound these functions as
As in Dy 2 Ti 2 O 7 , we see that scaling from the main text, J ± ∼ (δ/α) 2 J holds with no large combinatoric factors or spurious cancellations. We also note that the sign of the super-exchange contribution to the J zz is again, correctly negative [10] . Setting the super-exchange scale to J = 2.08 K from the experimental constraints [10] , we then can estimate J ± and J ±± as
For a moment size that deviates from maximal by = 0.05, this ratio is bounded as (δ 5 /α) 
Here the relevant transverse scale is the J ± that appears in the nearest-neighbor model (6) . With
32 K, the implied tunnelling scale g is 0.1 mK and thus is not experimentally relevant. We note that these estimates for J ± and J ±± scale linearly in the deviation from the maximal moment. For the CEF parameters of Ref. [5] we have (δ 5 /α)
, and one would have to look at next order in the δ n to get at the true leading behavior. It is unclear if the fitting of the CEF energy levels is sufficiently precise to provide a useful estimate of the true size of δ 5 .
GENERAL DISCUSSION OF SUPER-EXCHANGE
We use the notation of the main text. As discussed there, we consider the bare Hamiltonian of the two rare-earth sites and the intermediate oxygen atom
We perturb this with the hybridization terms
Exchange interactions between the rare-earth ions come in at fourth-order in V. We will follow
Lindgren [12] and write the effective Hamiltonian using the ground state projector P and resolvent
where |α are ground states of H 0 with energy E 0 and |a are the excited states of H 0 with energies E a . The fourth-order effective Hamiltonian is then [12] H eff = PVRVRVRV P − PVR
Now since PV P = 0, we can drop all but the two terms PVRVRVRV P and PVR 2 V PVRV P. The second of these factors as (PVR 2 V P)(PVRV P) and serves to cancel non-extensive contributions that arise from the first term.
We thus can simply use H eff ∼ PVRVRVRV P, taking to care to consider only this set of (extensive) perturbative processes. At lowest order, we need only consider the excited configurations that can be built by moving at most two electrons between the rare-earth and oxygen sites. These contributions to each process take the form
where O 
. Since the structure of the perturbation forces us to be in the f n+1 state, we can extend the sum to all excited states and thus arrive at the projector 1 − P f . Applying the same approximation to the innermost resolvents, we find
where U − f is the energy difference E f,a − E f,0 when |a is a state in the f n−1 manifold. We can now use these resolvents to simplify the contributions from the three processes (Figs. 1, 2, and 3) considered earlier, and shown in Eqs. 23, 28, and 30. In each expression the ground state projectors P f drop out, and we can write the three parts 1 :
as given in the main text. An alternative route to the super-exchange interactions would be to integrate out the oxygen degrees of freedom first. This down-folding gives an effective f -f hopping of order t eff ≡ t 2 /∆ p f . Within the approach discussed here, this corresponds to taking ∆ p f U 
Magnetic multipole interactions
Being of magnetostatic origin, the scale of the magnetic multipole interactions (MMI) are simple to address. These are only directly relevant for Dy 2 Ti 2 O 7 , as the transverse couplings in non-Kramers doublet relevant for Ho 2 Ti 2 O 7 are time-reversal even. Generally, the scale of the interaction between a rank-K and rank-K magnetic multipole is approximately given by [13] 
where χ K is the order K Stevens' parameter [14] , r K is an atomic radial integral [15] , µ is the magnetic moment of the ion and R is the distance between the ions. This expression is somewhat 
where e is the elementary charge, 0 is permittivity of vacuum and the remainder of the notation is the same as in the previous section. We have included factors of J 
Lattice mediated interactions
Additional interactions could be mediated through spin-phonon coupling [17] . Due to timereversal invariance, these can only directly generate interactions between multipoles of even rank.
For Dy 2 Ti 2 O 7 these vanish under projection into the ground state CEF doublet, and thus do not contribute directly to the transverse terms. For Ho 2 Ti 2 O 7 , such even-rank interaction can contribute directly to the transverse terms. To evaluate the plausibility of such a scenario, we consider two models of spin-phonon interaction, a site-phonon and bond-phonon model. In the site-phonon model, we consider only the coupling of the on-site multipoles to the local lattice distortion. In the same way as the CEF, when represented as Stevens' operator equivalents, these can only include operators up to rank-6. When the site-phonon is integrated out, these operators are squared so only interactions of rank-12 or less can be generated. In a bond-phonon type model, we imagine the lattice distortion modifying the exchanges already present in the system. Given the argument in the main text, we expect these to be predominantly rank-7 or lower and thus when the phonon is integrated out the induced interactions are rank-14 or smaller. Since these are not the direct rank-16 interactions needed to connect |±8 to |∓8 , they are suppressed by the sub-leading doublet components by same mechanisms discussed in the main text. Additionally, there will be a further suppression from the energy scale of the phonon that was integrated out. We thus can safely ignore the spin-lattice couplings in our analysis.
Direct exchange
We have accounted for some of the inter-site Coulomb interaction in our treatment of EMI.
Other contributions such as direct exchange between the rare-earth ions is likely to be of the same order or smaller given their large separation. Generally, one could write pair-wise direct exchange contributions in the form
As we have seen, the one-electron form of the operators at each site restrict this to generate multipolar interactions of rank-7 or less. Thus we have the same suppression factor (δ/α) 2 as discussed in the main text. Given the scale of the EMI, we then expect these terms to be negligible. We note that direct exchange interactions between the rare-earth and oxygen sites could be present.
However, due to the need to include additional electron transfers to generate interactions and the filled shell of the oxygen site, we would not expect these terms to be important.
